Abstract In this paper, the optimal numbers of gas and hydrogen stations are examined. Recently, the possibility of gasoline vehicles being replaced with fuel cell vehicles (FCV) is being examined in the coming hydrogen society. The realization of this scenario however needs a large number of hydrogen refueling stations, which hardly exist at the present. We first calculate the optimal number of hydrogen stations to minimize the sum of two types of cost: 1) operation cost of hydrogen stations and 2) transportation cost of FCVs to the nearest stations. Next, we incorporate the diffusion rate of FCVs into the model to determine the optimal number of gas stations and that of hydrogen stations simultaneously. We also provide an advanced model that considers hybrid stations, with which both gasoline and FCVs can refuel. These models clarify that the optimal number of total stations varies with the diffusion rate of FCVs. If only gas and hydrogen stations are assumed, more stations are needed in the transition period. If hybrid stations are introduced, the number of total stations takes minimum value during the transition period. Moreover, the optimal solution indicates that all stations should become hybrid stations in the middle of the transition. Finally, the models are applied to Yokohama City in Japan and the solutions of the models are examined.
Introduction
In this paper, we focus on Hydrogen stations which are facilities for fuel cell vehicles (FCVs) to refuel hydrogen. Particularly, we consider the optimal number of hydrogen stations in a region with respect to the diffusion level of FCVs. Our main objective is to clarify how the diffusion rate of FCVs and the size of region affect the optimal number of stations.
Since the twentieth century, we have been consuming massive amounts of fossil fuels. It is not an exaggeration to say that the evolution of our culture has been achieved by utilizing this energy resources [28] . However, rapid consumption in past a hundred years has caused several serious problems at the same time.
One of the most important issues is global warming. In recent years, an increase in the average surface temperature and a rising sea level has been observed, and their influences on the many physical and biological systems are of concern [3] . These climate changes over last 50 years are very likely to be attributable to human activities-especially carbon dioxide (CO 2 ) emissions by the combustion of fossil fuels. According to Intergovernmental Panel on Climate Change, projections in climate models result in an increase in a globally averaged surface temperature of 1.4 to 5.8
• C over the period 1990 to 2100. In addition, the disruption of ecosystems, drought, and pest infestations are expected to increase [10] .
Depletion of fossil-fuel resources is another problem that we are facing [27] . Specifically, the exhaustion of conventional oil has been warned by a great number of institutes and scientists. Although extremely pessimistic projections, for example that the production of oil will peak between 2010 and 2020 [16] , are heard only infrequently, it is evident that these resources are finite and must be replaced eventually. These facts are particularly pressing in the transportation sector, which still relies almost exclusively on oil [7] . That is to say, mitigation of CO 2 emissions and departure from dependence on oil is strongly expected in the sector. Hydrogen and fuel cells are vital technologies which make independence from oil a reality [9] . More precisely, utilizing hydrogen as an energy carrier, we use fuel cells as motive devices in transportation. By combining hydrogen and oxygen in the systems, a fuel cell can generate electricity and only emits water and heat. This principal is a reverse reaction of water electrolysis [21] .
FCV is a kind of electric vehicle powered by a fuel cell. Since FCVs emit only water vapor, they can be relied upon to reduce CO 2 . In addition, FCVs are nearly three times as efficient as gasoline vehicles and contribute to saving energy [8] . However, there are barriers to getting them incorporated into our daily lives. Price is one of the issues of FCVs. Although FCVs have already been commercialized by some auto manufacturers, one FCV costs 100 million yen (nearly 1 million dollars) now. This is a result of the price of the fuel cell itself. In addition, we need to build huge hydrogen infrastructures to expand the use of FCVs. As a method of supplying hydrogen to FCVs, direct hydrogen type, which is supplied hydrogen directly, and onboard reforming type, which supplies fuel other than hydrogen and produces hydrogen with an on-board reformer, have been developed. At present, the direct hydrogen type is considered to be the mainstream technology in terms of energy efficiency and CO 2 reduction. Therefore, FCVs have to refuel hydrogen directly. This fact indicates that a great number of hydrogen stations is needed in cities, yet, there are only 100 hydrogen stations in the world to date (10 stations exist in Tokyo metropolitan area). As a consequence, how we construct hydrogen stations is an essential issue.
For safety purposes, the existing hydrogen stations are all operated separately from gas stations. However, in scenarios demonstrated by some institutes, hybrid stations, which are facilities for both gasoline vehicles and FCVs refueling, are expected to be introduced in early stages [20, 29] . That is to say, since the number of FCVs is not sufficient, it is more efficient to append equipment for refueling hydrogen to existing gas stations.
The necessary number of hydrogen stations has been also calculated. In Japan, for example, The Agency for Natural Resources and Energy estimated the future prospects of the number of hydrogen stations, and concluded that 4000 hydrogen stations are needed by 2020 [6] . These estimations are derived from a simple calculation, namely the number of FCVs divided by the capacity of one hydrogen station. However, we should be cautious of the relation of the trade-off between operation cost of hydrogen stations and transportation cost of FCVs. If there are only a few stations in a region, FCVs need to move long distance for refueling. On the other hand, If there are too many stations, the cost of operating stations would be unnecessarily high. To incorporate this trade-off, we have to consider the size of the region explicitly, which relates to the transportation cost of FCVs.
The relation of trade-off stated above holds true not only for hydrogen stations but any kind of facilities which customers are supposed to visit. Thus, it has been discussed in a number of research papers (e.g. Stephan [22, 23] , Palmer [19] , Gusein-Zade [5] , Suzuki [25] , and Kurita [14] ). Although the exact specifications of these models are different, they all clarify the relationship between the number of facilities, the size of a region, and the number of customers. We adopt Stephan and Kurita as a basic model of this study. In latter sections of this paper, we generalize the model to treat multiple types of facilities (i.e. gas, hydrogen, and hybrid stations) simultaneously. Generalizations with respect to multi-types have been formulated only by Docmeci [2] and Suzuki [24] , which incorporate a hierarchical structure of service system. This paper is organized as follows. In Section 2, we will discuss the optimal number of hydrogen station to understand the basic idea of the study. In accordance with Stephan and Kurita, we formulate a model to minimize the sum of operation cost and transportation cost. Then, we propose a model for gas station and hydrogen station on the assumption that both gasoline vehicles and FCVs exist (Section 3). Our concern is how the diffusion rate of FCVs affects the optimal number of stations. The main result in this section is that the maximum value of the number of total stations is observed in the middle of the transition period. In Section 4, an advanced model which considers hybrid stations will be presented. From the model, the effects of introduction of hybrid stations are confirmed; The number of total stations could be reduced and all stations become hybrid station in transition period. In Section 5, finally, all models stated above are applied to Yokohama City in Japan and differences in term of the total cost are examined.
Optimal Number of Hydrogen Stations
First, we describe a basic model which optimizes the number of hydrogen stations in a region. This model will be helpful for a better understanding of the concept of the study.
Assumptions
Let us assume a region whose size is S and also assume there are M FCVs. For simplicity, we suppose that all FCVs are uniformly distributed in the region. Then, we plan to build some hydrogen stations for FCVs refueling. All FCVs will visit the nearest hydrogen station from each distributed point only for refueling. That is to say, we prohibit refueling by halfway stop to other destinations in this model.
Since all FCVs refuel at the nearest hydrogen station, the catchment areas of hydrogen stations are expressed by Voronoi tessellation. For the sake of simplicity, we suppose that each catchment area has same size. Consequently, the size of each catchment area is given by S/n H , where n H is the number of hydrogen stations in the region.
Cost definition
Let us define two types of cost which are taken into account for the operation of stations and the transportation of vehicles. First of all, we will consider the operation cost of hydrogen stations. In this research, we simply assume that the operation cost of one hydrogen station is b H [yen/year]. Now, there are n H hydrogen stations in the region, then total operation cost of hydrogen stations f i (n H ) is given by
We next address transportation cost of FCVs. In this paper, we calculate the cost based on "average distance" from uniformly distributed FCVs to the nearest station. As previously mentioned, the size of each station's catchment area is S/n H , so the scale of each area is calculated by √ S/n H . Let us recall that the dimension of the area size is given by [km 2 ]. Hence, the average distance to the nearest station should be proportional to √ S/n H , whose dimension is [km] . Therefore, the average distance from FCVs to the nearest station d 
As discussed in previous research, the optimal solution 2 is in proportion to two-thirds power of M and one-third power of S. From (2.1), we obtain the following feature:
The optimal number of hydrogen stations is proportional to the number of FCVs to two-thirds power and the size of region to one-third power.
Optimal Number of Gas and Hydrogen Stations
In Section 2, we considered the circumstance that only FCVs existed. However, FCVs must be introduced gradually by replacing gasoline vehicles. This fact means that both gasoline vehicles and FCVs coexist in the transition period. Then, in this section, we improve the previous model and propose a model which considers not only hydrogen stations and FCVs but gas stations and gasoline vehicle. We treat hybrid stations-namely stations that gasoline vehicles and FCVs can refuel-in the next section.
Assumptions
Suppose a region whose size is S and that there are some gasoline vehicles and FCVs in the region. We assume that the number of total vehicles is predetermined as M . In addition, let q denote the diffusion rate of FCVs-namely the ratio of FCVs to all vehicles (0 ≤ q ≤ 1). Hence, there are (1 − q) M gasoline vehicles and qM FCVs in the region. For simplicity, we also assume that gasoline vehicles and FCVs are distributed uniformly and respectively. Now we consider building n G gas stations and n H hydrogen stations. It is assumed that all gasoline vehicles will refuel at the nearest gas stations while FCVs will refuel at the nearest hydrogen stations (all vehicles are prohibited to make a halfway stop at a station on the way to other destinations). Furthermore, let us consider the catchment area of stations. The same as in the previous model, if the size of each catchment area is equal, then the catchment area size of a gas station is given by S/n G , and that of a hydrogen station is S/n H .
Cost definition
Before we formulate the model, we provide operation cost of stations and transportation cost of vehicles as in last section. To begin with, we define operation cost of stations in the region. In a similar manner to the previous model, we simply assume that one gas station cost b G [yen/year] to operate and one hydrogen station is b H [yen/year]. Subscripts G and H mean gas and hydrogen respectively. Thus, the total operation cost of stations in the region f ii (n G , n H ) can be calculated as
It is equivalent that the station density varies directly as two-thirds power of FCV density, because dividing n
where n G denotes the number of gas stations and n H is the number of hydrogen stations. Next, we consider the transportation cost of vehicles for refueling. In a similar argument to the previous section, we calculate the cost based on "average distance". Average distances are not equal between gasoline vehicles and FCVs, because the number of stations where they can refuel is different. Therefore, we need to calculate them respectively this time. For gasoline vehicles, the size of the catchment area is S/n G , and the scale is √ S/n G . On the other hand, for FCVs, the size of the catchment area is given by S/n H , so the scale is √ S/n H . Hence, average distance of gasoline vehicles to the nearest stationd
Similarly, average distance of FCVs to the nearest stationd
As previously mentioned, the value of κ depends on the location of stations. Thus, strictly speaking, it varies according to diffusion rate q. However, it is implied that the change of κ is minimal because κ = 0.37 ∼ 0.40 when stations are distributed regularly (even if stations are distributed randomly, κ is 0.5 [26] ). Therefore, we regard κ as constant. By assuming that each gasoline vehicle refuels ν G times and a FCV refuels ν H times per year, we can calculate that the average transportation distance of one gasoline vehicle is 2ν Gd ii G (n G ) and that of a FCV is 2ν Hd ii H (n H ). Consequently, average transportation cost is derived by multiplying α and the distance -2αν Gd ii G (n G ) per gasoline vehicle and 2αν Hd ii H (n H ) per FCV. As mentioned before, there are (1 − q) M gasoline vehicles and qM FCVs in the region, so the total transportation cost g ii (n G , n H ) is given by
Total cost minimization
Let us define the total cost in the region
The present objective is to derive the optimal number of gas and hydrogen stations
to minimize the total cost T ii (n G , n H ). We assume that n G and n H are real number for simplicity. Now, let us suppose a mathematical programming problem below:
Thus, we derive the optimal solution by solving the first order conditions
and we obtain { n ii G * , n ii H * } as follows:
From (3.2) and (3.3), we can confirm that the solution depends on q. As an example, we set parameters as S = 437 km
yen/year, k G = 12, 480 yen/ (year · km), k H = 15, 600 yen/ (year · km). In all numerical examples described in the paper, we suppose Yokohama City in Japan. Detailed definitions of parameters are stated in Chapter 5.
} and the number of total stations are shown in Figure 1 , and the following feature is obtained.
[feature 2] When we assume the coexistence of gas and hydrogen stations, the maximum value of the optimal number of total stations is observed in the transition period. 
Constraint of total station number
As indicated above, we need more stations in the transition period than that before or after the transition. Is it natural for such a thing to occur in the real world? Probably, lots of people would says "No". Then, we should reconsider what we have to incorporate with.
First, to build stations, we need sites in the region. In lots of big cities however, there is not enough space. In such a case, new hydrogen stations are built by replacing gas stations that already exist. In addition, we usually need approval from the government when we intend to build public facilities such as hydrogen stations. The approval must be given with taking future demand into consideration, and can also be an element which obstructs the increase in the number of stations. All things stated above indicate that there is an upper limitation to the number of stations. Hence, we formulate the following problem, which adds one constraint to the previous one: 4) where
Let us explain (3.4) and (3.5). Expressions n ii G * (0) and n ii H * (1) in (3.5) are both the optimal solutions in section 3.3-namely under no constraint. Since the numbers in parenthesis indicate the diffusion rate of FCVs, N high is the greater value of (i) optimal number of gas stations before transition, or (ii) optimal number of hydrogen stations after transition. It is reasonable that the upper limitations of the number of total stations would be N high . Consequently, we appended the constraint (3.4) to the problem.
Since both the objective function and feasible region are convex, [Problem ii * * ] is a convex programming problem. Then, the optimal solution { n ii G * * , n ii H * * } can be solved by considering Karush-Kuhn-Tucker (KKT) conditions [18] . Lagrangian function of the problem is given by
and KKT conditions are expressed as follows:
where λ denotes Lagrange multiplier for the total number constraint (3.4) and µ G , µ H are those for nonnegativity constraints. From (3.1), n G , n H > 0 is assured, then
ii H * * } is obtained in two cases, whether constraint (3.4) is active or not.
[Case a] Constraint (3.4) is non active (λ = 0) In this case, [Problem ii
On the other hand, if we assume that constraint (3.4) is active, then we get the following equation:
Furthermore, we also obtain
from (3.6), (3.7), and (3.8). By substituting (3.10) for (3.11), we get
Now, the middle part of (3.12) is a monotonically increasing function of n G , which provides −∞ when n G = 0 and 0 when n G = n ii G * (q). On the other hand, the right side of (3.12) is a monotonically decreasing function of n G , which provides 0 for n G = N high − n ii H * (q) and
is assumed in this case, the following inequality is obtained:
Therefore, (3.12) has a unique solution and λ ≥ 0 is also assured. As a result of the preceding discussions, the optimal solution
where x (q) is the real value solution of
ii H * * (q) } and the number of total stations are demonstrated in Figure 2 , where
6 yen/year, k G = 12, 480 yen/ (year · km), k H = 15, 600 yen/ (year · km) . From Figure 2 , we can confirm that the number of total stations is constant for a long time.
Incorporating Hybrid Stations
In the preceding section, we discussed the optimal number of stations assuming that only gas and hydrogen stations exist. However, in scenarios described by The Agency for Natural Resources and Energy, hydrogen refueling facilities are located with existing gas stations in early period. Hence, in this section we consider not only gas and hydrogen stations, but hybrid stations which are refueling facilities for both gasoline vehicles and FCVs. 
Assumptions
Suppose a region whose size is S, and that there are (1 − q) M gasoline vehicles and qM FCVs in the region (q denotes the diffusion rate of FCVs and 0 ≤ q ≤ 1). For simplicity, we assume that q does not depend on a position in the region, and that gasoline vehicles and FCVs are uniformly distributed respectively.
Let us consider building gas, hydrogen, and hybrid stations simultaneously as refueling facilities. The numbers of stations are defined as n G , n H , and n I respectively, where subscript I denotes hybrid. All gasoline vehicles are assumed to refuel at the nearest gas or hybrid stations, and FCVs hybrid or hydrogen stations. That is to say, gasoline vehicles can use n G + n I stations and FCVs n I + n H . Accordingly, in the similar arguments of previous sections, the size of catchment area for gasoline vehicles is calculated S/ (n G + n I ) and S/ (n I + n H ) for FCVs.
Cost definition
Now we define operation cost of stations and transportation cost of vehicles in this case. First, we consider the operation cost of stations in the region. In this section, we simply assume that one gas station costs b G [yen/(year)], hybrid stations b I [yen/(year)], and hydrogen stations b H [yen/(year)]. Furthermore, we also assume two inequalities below. Firstly, it is natural that operation cost increases as the function of facilities becomes complicated. This implies the following inequality:
Secondly, managing one hybrid station should be more effective than managing a gas and a hydrogen station respectively; that is
As previously mentioned, there are n G gas stations, n I hybrid stations, and n H hydrogen stations in the region. Hence, total operation cost of stations f iii (n G , n I , n H ) is given by
Next, we address transportation cost of vehicles. In a similar manner, we calculate based on the average distance. We should take into consideration the difference between the average distance of gasoline vehicles and that of FCVs. First, the size of the station's catchment area for gasoline vehicles is given by S/ (n G + n I ), so the scale is √ S/ (n G + n I ). While, the size of the station's catchment area for FCVs is given by S/ (n I + n H ), so its scale is √ S/ (n I + n H ). Consequently, the average distance for gasoline vehiclesd
and that for FCVsd
Therefore, average transportation cost per one gasoline vehicle can be written as k Gd iii G (n G , n I ) and FCVs k Hd iii H (n I , n H ), where k G and k H have already been defined in the previous section. Then, by multiplying the number of vehicles and the average distances, we obtain the total transportation cost g iii (n G , n I , n H ) as follows:
Total cost minimization
Let us define the total cost T iii (n G , n I , n H ) as a sum of f iii (n G , n I , n H ) and g iii (n G , n I , n H ):
The objective of the present section is to find the optimal solution { n iii G * , n iii I * , n iii H * } which minimizes the total cost T iii (n G , n I , n H ). For convenience, we assume that n G , n I , and n H are real numbers. Now, let us consider the following mathematical programming problem:
Accordingly, we derive the optimal solution { n iii G * , n iii I * , n iii H * } by solving KKT conditions. Lagrangian function for this optimization problem is given by and KKT conditions are as follows:
where µ G , µ I , µ H are Lagrange multipliers for nonnegativity constraints.
To solve these KKT conditions we have to consider 2 3 cases, because we have 3 constraints (4.2), (4. . This is also a contradiction to (4.1). As a consequence as expressed above, the optimal solution { n iii G * , n iii I * , n iii H * } is obtained in the following three cases.
[Case a] Constraint (4.4) is active [Former Period]
In this case, we have
In addition, from (4.5) and µ G = 0, we get
Furthermore, by substituting the equations above and µ I = 0 for (4.6), we get
Hence, from (4.8) and (4.9), we derive
n iii G * (q) is supposed to be greater than 0, then Thus, from (4.6) and µ I = 0, we get
To satisfy KKT conditions, µ G , µ H ≥ 0 are essential. Therefore, by substituting (4.10) for (4.5) and (4.7), we get the following inequality as the condition of q:
[Case c] Constraint (4.2) is active [Latter period]
Furthermore, from (4.7) and µ H = 0, we get
Now, by substituting the preceding equations and µ I = 0 for (4.6), we get
Hence, from (4.11) and (4.12), we derive
n iii H * (q) > 0 is supposed, and
is required as a condition of q. In present case, KKT conditions are all satisfied because
iii H * (q) } and the number of total stations in various q are demonstrated in Figure 3 
Constraint of total station number
In Section 4.3, we calculated the optimal number of stations under the assumption of three types-gas, hybrid, and hydrogen-stations. As a result, we clarified that fewer stations are needed in the transition period. This feature is completely opposite to Section 3. In the preceding section, we neglected some factors such as location site and governmental approval. Then, we should any factors that we neglected previously in this section.
Decreasing the number of total stations means that some stations are removed. It is probable that the stations which are removed will not retain their equipment and their sites will be sold at worst. Station managers must want to avoid such things if the stations are to be used in the future.
What we stated above indicates that there is a lower limitation of the number of total stations. Accordingly, we formulate the following mathematical programming problem, which adds a constraint to [Problem iii * ].
[Problem iii 16) where 
Activities of Yokohama City
The municipality of Yokohama City declared "Environmentally Active City" in 2002, and has been struggling to resolve environmental problems positively. As a part of the struggle, the city also grapples with the realization of hydrogen society. One of the noteworthy things in relation to hydrogen is that a FCV was introduced as an official vehicle in 2004 [30] . It is the first example in a metropolitan area that a municipality has purchased a FCV. In addition, a number of events and symposiums about the environment and hydrogen have been held in Yokohama. "The World Hydrogen Energy Conference" in June 2004 is one example. In the conference, the mayor of Yokohama commented that he wanted to make the city of Yokohama a role model for hydrogen energy use [31] ; This is a remarkable comment. Furthermore, three hydrogen stations have already been built in Yokohama by The Japan Hydrogen & Fuel Cell Demonstration Project(JHFC) [11] . In consequence, it is said that Yokohama City is one of the most suitable regions for hydrogen society.
Together with these, the following facts support assumptions of the models. First of all, transportation efficiency is almost the same all over the region, because road network is sufficiently matured. Moreover, since population density is roughly uniform, it is expected that vehicle density is also uniform all over the region. These properties are confirmed by the locations of gas stations in Yokohama, which are also distributed relatively evenly (see Figure 5 ). Consequently, we choose Yokohama City as the region of study and apply the models in the following sections.
Parameter setting
Now, we would like to set parameters used in the model. Firstly, we define the parameters about the region, namely S and M . According to The Geographical Survey Institute in Japan, the size of Yokohama City is 437.38 km 2 [4] . Then we simply define S = 437km 2 . While, the number of vehicles registered in Yokohama is 1,143,000 for private use and 42,000 for business use (according to The Kanto District Transport Bureau [12] ). Now we must consider the frequency of use, because it must be different between private and business. We assume that a vehicle for business is used 5 times as frequently as that for private. It is equal to five private cars in terms of refueling. Thus, we define M = (1, 143 + 5 × 42) × 10 3 = 1, 353 × 10 3 . Next, we consider the parameters of stations b G , b I , and b H . To decide on them, we have to determine what is included in the operation cost of stations. In this study, we assume that the operation cost consists of employment cost and running cost of equipment. We assume that employment cost for each type of stations is commonly 15 million yen. It corresponds to the situation that 6 employees whose hourly wage is 800 yen work 8 hours per day. On the other hand, running cost of equipment depends on the type of station. According to The National Federation of Petroleum Commercial Association, the running cost of gas station is 2.3 million yen/month, although it is a case study of self-service gas station [17] . It is equal to 27.6 million yen/year. Thus, we assume that the running cost of gas stations is 30 million yen/year. The running cost of hydrogen stations is estimated as 64 million yen/year [1] . Generally, it is said that investment cost of hydrogen station is twice as expensive as that of a gas station, the preceding cost is presumable. In consequence, we set b G = (15 + 30)×10 6 = 45×10 6 yen/year and b H = (15 + 64)×10 6 = 79×10 6 yen/year. As for hybrid stations, we assume that there is no common equipment between gas and hydrogen. Then, only employment cost will be saved and b I = (15 + 30 + 64) × 10 6 = 109 × 10 6 yen/year. Finally, let us consider the parameters for transportation cost. To be more precisely, we must decide on α, κ, ν G , and ν H . We assume that the transportation cost per unit distance α is 300 yen, which is equivalent to 4500 yen/h if vehicle's speed is 15km/h. For κ, it is well known that κ is roughly 0.4 if Euclidean distance is assumed [14, 15, 25] . In addition, distance via road network is about 1.3 times as long as Euclidean distance [13] . Consequently, we set κ = 0.4 × 1.3 = 0.52. For ν G , we assume that gasoline vehicles refuel every 10 days and set ν G = 40. While, FCVs need to refuel more frequently than gasoline vehicles, ν H = 50 is assumed. From the parameters stated above, we get k G = 2 × 300 × 0.52 × 40 = 12, 480 yen/ (year · km) and k H = 2 × 300 × 0.52 × 50 = 15, 600 yen/ (year · km).
Estimation
We calculated the optimal solution of each model (Section3.3, 3.4, 4.3, 4.4) assuming the preceding parameters. The results are shown in Figure 1, 2, 3, 4 , which have already been demonstrated in the previous sections. The optimal number of gas stations before transition is estimated as 249, and it is roughly half as many as the number of gas stations in Yokohama City (465 stations at present). However, this fact should not prove to be a matter of concern, because some institutes point out that there are already too many gas stations in Japan (e.g. [17] ). Hence, it is understandable that the socially optimal number of stations is fewer than the actual number. Figure 6 indicates the total cost of each model. We calculate them by substituting the optimal solutions for the functions T ii and T iii . From Figure 6 , we can confirm for each model that the total cost takes the maximum value in the transition period. Next, let us analyze the difference among the four models. For this purpose, we calculate the ratio of total cost of each model to that of the model in Section 3.3, which does not consider the total number constraint and the existence of hybrid stations (see Figure 7) . From this calculation, we can understand how the constraint and the introduction of hybrid stations affect the total cost: (i) the assumption of the total number constraint has little influence on the total cost (less than 1%). (ii) the existence of hybrid stations reduces the total cost by 5%. The discussion stated above can be summarized as follows:
No matter which model is adopted, the maximum value of the total cost in the region is observed in the transition period.
[feature 6] The total cost is slightly affected by the total number constraint of stations, while the introduction of hybrid type has a certain amount of effect on the total cost.
Conclusion
In this paper, we focused on the optimal number of gas, hybrid, and hydrogen stations in a region where gasoline vehicles and FCVs are used. Especially, we considered the relationship of trade-off between operation cost of stations and transportation cost of vehicles. Assuming plausible parameters, we numerically clarified the following features. 1) If only gas and hydrogen stations are assumed, the optimal number of total stations in the transition period is greater than that before or after transition. 2) When gas, hybrid, and hydrogen stations are supposed simultaneously, the optimal number of total stations in the transition period is less than that before or after transition. 3) In the middle period of transition, it is optimal that all stations become hybrid type.
We also formulated the models which included the constraint of total number. Both upper and lower limitations represent some situations such as site, approval, and maintenance. In terms of reality, someone might consider that these constraints are questionable. It is true that there is important cost which is not considered in the models, namely construction and conversion cost of stations. Since this cost is not incorporated, the optimal number of total stations results in an unrealistic variation. If the construction cost of new stations is incorporated in the model, the number of total stations would not increase like Figure  1 . Similarly, if conversion cost is much cheaper than construction cost, the number of total stations would not decrease like Figure 3 . However, this cost only affects the number of total stations, and does not influence the component ratio of each type. Therefore, we emphasize the simplicity of the models and append the constraints in the study. To solve the difficulty stated above, we have to incorporate with the concept of time explicitly. It would be an important study in the future.
In Section 5, we applied the models to Yokohama City. By setting various parameters, we proposed the optimal number of stations. These parameters however are not quite concrete. Hence, the solutions about Yokohama City contain some amount of uncertainty. This paper should be regarded as a study which clarifies the structure of the relation between FCVs and hydrogen stations rather than that which predicts the actual number of stations in the coming hydrogen society. We expect that the features indicated in the study are understood and utilized as a basic idea of hydrogen infrastructure in the future.
A. Proof of the Convexity of T ii
The Hessian matrix of T ii (n G , n H ) is calculated as follows: Since all λ ii are greater than 0 assuming n G , n H > 0, it is proved that T ii (n G , n H ) is a convex function.
B. Proof of the Convexity of T iii
The Hessian matrix of T iii (n G , n I , n H ) is expressed as follows: Since n iii H * * (q) ≥ 0 is assumed, the following condition of q is calculated:
In addition,
is obtained from (4.18) and (C.9). Assuming µ G > 0 as a KKT condition, we derive the other condition of q as follows: 
